Abstract. We prove that a finite torsion-free conformal Lie algebra with a splitting solvable radical has a finite faithful conformal representation.
(A2) Complete reducibility of finite-dimensional modules over semisimple algebras; (A3) The image of a solvable Lie algebra under its derivation is nilpotent; (A4) The Levi Theorem (splitting of the solvable radical). For conformal algebras (even for finite ones), these properties do not hold in general. This is the reason why proving an analogue of the Ado Theorem for conformal algebras is a challenging problem.
In [17] , it was shown that a nilpotent conformal Lie algebra embeds into a nilpotent associative conformal algebra, thus, the property (A1) is not essential for our purpose.
In [12] , we eluded the property (A2): The existence of a finite faithful representation was proved for torsion-free finite Lie conformal algebras of "classical type", i.e., with a splitting solvable radical and without Virasoro elements in the semisimple part. These conformal algebras turn to be subalgebras of current conformal algebras over finite-dimensional ordinary Lie algebras. It is interesting to note that the proof in [12] was not based on the Ado Theorem for ordinary algebras. Therefore, the problem was solved for those conformal Lie algebras satisfying the analogues of (A3) and (A4).
The purpose of this note is to eliminate (A3). Namely, we prove the conformal version of the Ado Theorem for an arbitrary finite torsion-free conformal Lie algebra L with a splitting solvable radical.
Let k be a field of zero characteristic. Without loss of generality (see [12, Lemma 7] ) we may assume k to be algebraically closed. Throughout the paper, the symbol ⊗ without a subscript means the tensor product of spaces over k.
Conformal algebras and their representations
A conformal algebra [10] is a unital module C over the polynomial algebra H = k[∂] equipped with a polynomial-valued k-linear operation (· (λ)· ) : C ⊗ C → C[λ], where λ is a formal variable (this operation is called λ-product), satisfying the following axioms: (1) (∂a (λ) b) = −λ(a (λ) b), (a (λ) ∂b) = (λ + ∂)(a (λ) b).
Conformal algebra is said to be finite if it is finitely generated as a module over H.
Equivalently, one may consider a conformal algebra C as a linear space over k with one linear operation ∂ and with an infinite family of bilinear products (
Another interpretation of a conformal algebra structure is based on the notion of a pseudo-tensor category. Let us sketch the ideas developed in [1] to clarify the relations between "ordinary" and conformal algebras and their representations.
Consider the polynomial algebra H = k[∂] and denote by M(H) the class of (left) unital H-modules. Recall that H carries the standard bialgebra structure given by coproduct ∆(∂) = ∂ ⊗ 1 + 1 ⊗ ∂ and counit ε(∂) = 0. Given
where H ⊗n is considered as the outer product of regular right H-modules. For the class M(H), the spaces (2) play the same role as the spaces of polylinear maps for the class of linear spaces over a field. There exist a composition rule and an equivariant symmetric group action on (2) such that M(H) turns into a pseudotensor category in the sense of [3] . Conformal algebra C is exactly the same as an algebra in M(H) with one binary operation (pseudo-product) µ ∈ P 2 (C, C; C).
In these terms, (1) is equivalent to H ⊗2 -linearity of µ. These data are enough to define what is an algebra (associative, commutative, Lie, etc.), a homomorphism, a representation (module), and a cohomology in the class M(H) [1] .
For example, the associativity of a conformal algebra C may be expressed in terms of pseudo-product as
and in terms of λ-product as
Similarly, the anti-commutativity and the Jacobi identity for a pseudo-product µ have the same form as for "ordinary" product:
In terms of λ-product, these relations turn into
for a, b, c ∈ C, α, β ∈ k, respectively. As in the case of ordinary algebras, an associative conformal algebra C with respect to the new λ-product
satisfies anti-commutativity and Jacobi identity, i.e., is a Lie conformal algebra. Below we will use the brackets [· (λ) ·] to denote λ-products in all Lie conformal algebras.
The notions of an ideal, solvability, and nilpotence have the natural interpretation in conformal algebras. A conformal algebra C is called trivial if C (α) C = 0 for all α ∈ k. A nontrivial conformal algebra is simple if it has no nonzero proper ideals. If C has no nonzero solvable ideals then it is said to be semisimple.
To define a conformal algebra structure on an H-module, it is enough to define the λ-product on its generators over H and then expand it to the entire module by means of (1).
Example 1. Let a be an ordinary algebra over k. Then the free H-module H ⊗ a can be considered as a conformal algebra with respect to operation
called current conformal algebra Cur a. If a is associative (Lie, alternative, etc) then so is Cur a.
Example 2.
The free H-module of rank one generated by an element v turns into a Lie conformal algebra by means of the operation
This structure is called Virasoro conformal algebra Vir.
Example 3. Suppose g is a Lie algebra. The direct sum of H-modules Hv⊕(H ⊗g) with respect to
is a Lie conformal algebra denoted by Vir ⋉ Cur g, the semi-direct product of conformal algebras.
The classification of finite conformal algebras is given by the following
Theorem 1 ([6]). (i)
A simple finite Lie conformal algebra is isomorphic either to Vir or to Cur g, where g is a finite-dimensional simple Lie algebra.
(ii) A semi-simple finite Lie conformal algebra is a direct sum of conformal algebras C 1 ⊕ · · · ⊕ C k , where each C i is either simple or isomorphic to Vir ⋉ Cur g, g is a simple finite-dimensional Lie algebra.
An arbitrary finite associative or Lie conformal algebra C obviously has a maximal solvable ideal (radical) R such that C/R is a semisimple conformal algebra. However, for Lie conformal algebras there is no analogue of the Levi Theorem stating C ≃ (C/R) ⋉ R. As in the case of ordinary Lie algebras, the abelian extensions of conformal algebras are described in terms of the second cohomology group. The corresponding notions were introduced in [2] , were cohomologies of simple and semisimple finite conformal algebras with coefficients in their irreducible modules were computed; many of them are nontrivial.
Suppose C is an associative (Lie) conformal algebra. Then a conformal module over C is an H-module M ∈ M(H) equipped with ν ∈ P 2 (C, M ; M ) satisfying the appropriate associativity (Jacobi) identity. It terms of λ-product these notions were introduced and studied in [4] Remark 1. In this study, we consider those conformal algebras (and their modules) that are torsion-free as H-modules. The reason for such a restriction comes from the following observation [6, 1] .
Hence, a conformal algebra with a nonzero H-torsion has no faithful representations.
Irreducible representations of finite simple and semisimple Lie conformal algebras are described by
Theorem 2 ([4]). (i)
A finite irreducible conformal module over Vir is a free Hmodule of rank one generated by an element u such that
Such a module is denoted M α,∆ .
(ii) Suppose g is a finite-dimensional simple Lie algebra. A finite irreducible conformal module over Cur g is isomorphic to H ⊗ U , where U is a finite-dimensional irreducible g-module, and
This module is natural to denote by Cur U .
(iii) Suppose g is a finite-dimensional simple Lie algebra. A finite conformal module M α,∆,U over Vir ⋉ Cur g is constructed as H ⊗ U , where U is a finitedimensional g-module, and
Every finite irreducible conformal module over Vir ⋉ Cur g is isomorphic to M α,∆,U , where either U is an irreducible g-module (and ∆ is an arbitrary scalar) or U is trivial one-dimensional and ∆ = 0.
If L is a Lie conformal algebra and a ∈ L then the operation
. Assume C is a conformal algebra which is a conformal module over Vir = Hv such that
the degree in λ of the left-hand side of (3) does not exceed the degree of (a (λ) u). If the latter is finite then the right-hand side of (3) has a greater degree than (a (λ) u). The contradiction obtained proves (a (λ) u) = 0.
Composition series in conformal modules
Note that a finite conformal module even over a finite simple Lie conformal algebra cannot (in general) be decomposed into a direct sum of irreducible ones (see [5] for a systematic study of extensions). Moreover, although the lattice of conformal submodules in a given module is modular (Dedekind), a finite composition series may not exist even in a finite conformal module. As an example, consider the free H-module M 1 of rank one with respect to a trivial action of a conformal algebra (say, over Vir). Then there exists a normal series
of arbitrary length n. However, we may still apply a kind of triangular decomposition to those conformal modules we need (see Lemma 4 below). Some of the results of this section can be recovered from [4, 5] , but we state their proofs for readers' convenience. Lemma 2. Let L be a conformal algebra of type Vir ⋉ Cur g, where g is either a finite-dimensional simple Lie algebra or g = 0 (i.e., L = Vir). Suppose V , M , and E are three finite conformal modules over L such that M is irreducible, V is a trivial torsion-free L-module, and there exists a short exact sequence
of conformal modules over L. Then E ≃ V ⊕ M , the direct sum of conformal modules over L.
Proof. Extensions of conformal modules may be described via the corresponding conformal cocycles (see [5, 7] ). Let L, M , and V be as in the statement.
satisfying the 3/2-linearity condition similar to (1) is called a cochain. If a cochain ϕ λ satisfies
for all a, b ∈ L, u ∈ M then ϕ λ is said to be a cocycle. For every H-linear map
gives rise to a conformal L-module E = E(M, V, ϕ) such that the sequence (4) is exact. Conversely, every exact sequence (4) allows to define the corresponding cocycle [7, Theorem 2.1]. Moreover, for given cocycles ϕ λ and ψ λ , the extensions E(M, V, ϕ) and E(M, V, ψ) are isomorphic if and only if ϕ λ − ψ λ = δ λ τ for an appropriate τ : M → V .
To prove the statement, it is enough to show that every cocycle ϕ λ : L ⊗ M → V is equal to δ λ τ for some τ : M → V . By Theorem 2, there are three cases to be considered.
Case 1:
Let us consider Case 2 and Case 3 in details since Case 1 is completely covered by calculations from Case 2.
In Case 2, suppose
. Therefore, without loss of generality (replacing ϕ λ with ϕ λ −δ λ τ ) we may assume ϕ λ (v, u) = 0. Now, consider g ∈ g. Then by (5) we have (for a = v, b = g, λ = 0)
that implies (α + ∂)ϕ µ (g, u) = 0. Since V is torsion-free, we have ϕ λ ≡ 0. In Case 3, the same computations with a = b = v imply that ϕ λ (v, u) do not depend on λ for every u ∈ U . Suppose V = H ⊗ W , {w i } i∈I is a basis of the linear space W . Then for every u ∈ U we may write Lemma 3. Let L be as in Lemma 2, and let V be a finite non-trivial torsion-free conformal module over L. Then V contains an irreducible conformal submodule.
Proof. Choose a nontrivial conformal L-submodule W of minimal rank in V . Denote by R the set of all those nontrivial conformal L-submodules in W that have the same rank over H as W . For every U ∈ R there exists h ∈ H, h = 0, such that hW ⊆ U (since W/U coincides with its torsion). Denote
, the last expression implies that V 0 is a nontrivial conformal L-module. Hence, the rank of V 0 coincides with the rank of W , and there are no nontrivial proper conformal L-submodules in V 0 .
Choose a maximal (proper) conformal L-submodule U 0 in V 0 . By the construction of V 0 , U 0 has to be trivial. The maximality of U 0 implies M 0 = V 0 /U 0 to be an irreducible conformal L-module. By Lemma 2 there exists a conformal Lsubmodule in V 0 isomorphic to M 0 . This is the desired submodule.
Lemma 4. Let L be as in Lemma 2, and let M be a finite conformal module over L. Then there exists a chain of submodules
where M k /M k−1 is either irreducible or trivial torsion-free or coincides with its torsion (hence, trivial).
Proof. This is an immediate corollary of Lemma 3. Note that if M is nontrivial torsion-free conformal L-module then M 0 has to be irreducible.
Lemma 5. Assume C is a torsion-free conformal algebra which is a conformal module over Vir = Hv such that D λ = (v λ ·) is a conformal derivation of C. Suppose M is a conformal Vir-submodule of C isomorphic to M α,∆ for some α, ∆ ∈ k, and N is an arbitrary finite conformal Vir-submodule of C.
Proof. Let M = Hu, D 0 u = (α + ∂)u. Consider the triangular decomposition from Lemma 4 for N :
Finite faithful representation
Suppose L is a finite torsion-free conformal Lie algebra with the maximal solvable ideal
First, consider the case when R is nilpotent.
Proof. Consider the sequence of ideals
where 
Let u ∈ U . Then Hu is a conformal Vir-submodule in L which is isomorphic to M α,∆ . For k > 1, the summand L k is a trivial Vir-module. Hence, by Lemma 
. By the choice of m, R m+1 is a trivial L 1 -module. Therefore, we may apply Lemma 5 to conclude [R λ M 0 ] = 0.
We have found an ideal I = M 0 = 0 in L which has zero intersection with the center Z of L since [v (0) ·] has no kernel in M 0 . Now, let us expand the results of Proposition 1 to the more general case. The conformal version of the Lie theorem for solvable Lie conformal algebras [6] implies, in particular, that 
, where U is either 1-dimensional or an irreducible g-module.
We are going to prove that the ideal generated by M 0 in the entire algebra L has trivial intersection with its center. Consider A = R/R ′ as a conformal module over Vir = Hv ⊆ L 1 with respect to the induced regular action. By Lemma 4, there exists a sequence of conformal Vir-modules 0 = A −1 ⊂ A 0 ⊂ · · · ⊂ A n = A, where A k /A k−1 is either isomorphic to M α k ,∆ k or trivial. Define an index I(k), k = 0, . . . , n, in the following way:
is trivial (either torsionfree or coincides with its torsion).
Supposeā k , k = 0, . . . , n, are the generators of A k /A k−1 over H, and choose the corresponding pre-images a k ∈ R. Then the set {a k + R ′ | k = 0, . . . , n} generates R/R ′ over H, and
where
where u ∈ U , α l,i ∈ k, k i ≥ 0. Let W (a 0 , . . . , a n ) ⊂ R be the set of all w = w k0,...,kn α1,0,...,α k 0 ,0 ,...,α1,n,...,α kn ,n . It is clear that the H-linear span I of all elements from W (a 0 , . . . , a n ) is the ideal in L generated by M 0 . Indeed, since R/R ′ is an Abelian Lie conformal algebra and [R Define the weight wt w of an expression w of the form (6) as the (n + 2)-tuple (k 0 + · · · + k n , k n , . . . , k 0 ), and let the weights be the lexicographically ordered.
Assume Z(L)∩I = 0. For every z ∈ Z(L)∩I, z = 0, there exists its presentation
such that max i wt w i is minimal among all presentations of z in the form (7) . Denote such a weight by wt z. Then, consider those presentations of z in the form (7) with max i wt w i = wt z and choose one with minimal number r of w i s with wt w i = wt z (say, wt w 1 = · · · = wt w r = wt z, wt w i < wt z for i = r + 1, . . . , m). Denote this number r by deg z. Both wt z and deg z are well-defined: They depend only in z ∈ Z(L) ∩ I, z = 0. Straightforward computation shows
for w ∈ W (a 0 , . . . , a n ). We may choose 0 = z 0 ∈ Z(L) ∩ I such that: (1) wt z 0 is minimal among all z ∈ Z(L) ∩ I, z = 0; (2) r = deg z 0 is minimal possible among all z with minimal wt z. Theorem 3. Let L be a finite torsion-free conformal Lie algebra with a splitting solvable radical R. Then L has a finite faithful conformal representation.
Proof. Suppose L is a counterexample of minimal rank over H. Then Z(L) = 0: Otherwise, the regular representation is faithful.
Let L 1 , . . . , L k be as in Lemma 2 (contain Virasoro element), and let L k+1 , . . . , L s be isomorphic to current conformal algebras. The case k = 0 was considered in [12] , so assume k ≥ 1, i.e., L 0 contains Virasoro elements.
The radical R is a conformal module over L i for every i = 1, . . . , s. If R is trivial over all
Here L ′ is semisimple, L ′′ is of the kind considered in [12] . Since both L ′ and L 
